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Teleportation seen from space-time: On two-spinor aspects of quantum information
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Formal similarity between Minkowski tetrads and Bell bases allows to think of metric tensors
in terms of quantum teleportation protocols. The role of null tetrads for quantum information
processing is different. They define qubits resistant to a special kind of noise that occurs if coding
and decoding of quantum information is performed in different reference frames. These examples
show that mutual links between quantum information and the 2-spinor calculus may be nontrivial
and worthy of further studies.
PACS numbers: 04.20.Gz, 03.67.-a
I. INTRODUCTION
The 2-spinor abstract index calculus [1] is a formalism designed for four-dimensional space-times with Lorentzian
geometry. The fundamental building block is here a 2-spinor, a two-dimensional complex vector or vector field.
The basic operation that leads from 2-spinors to higher-rank objects, including world-vectors and tensors, is the
tensor product. Four-dimensional world-vectors, such as position vectors in Minkowski space, are linear combinations
of simple tensors composed of pairs of primed and unprimed 2-spinors. Simple tensors play a privileged role and
correspond to null world-vectors.
An analogous mathematical structure occurs in quantum information theory. Qubits, similarly to 2-spinors, are
two-dimensional complex vectors or vector fields (typically defined on mass hyperboloids in momentum space). Tensor
products of qubits lead to binary coding, and non-factorizable linear combinations of simple tensor products of qubits
are known as entangled states. Simple tensors involve no entanglement and are of limited use for quantum information
processing.
Relations between 2-spinors and qubits involve interesting theoretical subtleties. Not all 2-spinors are qubits, and
not all qubits are spinors. Perhaps the most important difference is in transformation properties: Qubits are assumed
to transform unitarily whereas 2-spinors may carry non-unitary representations. In curved space-times 2-spinors
transform under local versions of SL(2,C). Relativistic qubits transform in momentum space under local versions of
SU(2) even in Minkowski space — this is the price for unitarity of representations of relativistic symmetry groups. Non-
unitary finite-dimensional representations in position space are related to infinite-dimensional unitary representations
in momentum space by a kind of duality, similar to that between passive transformations of coordinates and active
transformations of bases [2].
There is no room for two completely different structures here so quantum information theory must be a sort of
2-spinor calculus. One should not be surprised if certain techniques originating from space-time considerations will
find applications in quantum information, or vice versa. Actually, the origin of quantum information processing can
be traced back to relativistic considerations since Finkelstein’s “space-time code” [3] was probably the first paper
where the notion of a quantum algorithm occurred.
The goal of this paper is to explore some mutual relations of that kind. I will begin with the celebrated teleportation
algorithm, a procedure for exchanging unknown quantum states between different laboratories. I will show that the
structure of the algorithm, when translated into the 2-spinor abstract-index language, reveals structures we know
from Lorentzian geometry. The observation that metric tensors are linear maps whose formal structures resemble
teleportation algorithms may, in principle, have some implications for theories where geometry is quantized. The issue
requires further studies.
In the context of quantum algorithms a privileged role is played by Minkowski tetrads (being analogous to entangled
states), but null tetrads may also prove important albeit in a different context. The point is that the momentum
dependence of SU(2) transformations in momentum space leads to problems with the Lorentz invariance of quantum
information [4]. To understand why it is so consider the case (typical of quantum cryptography) of encoding bits into
some sort of linear polarization. The momentum dependent SU(2) transformations rotate each momentum component
in a different way and thus typically a state which is linearly polarized in one reference frame becomes depolarized in
2another one. A practical consequence is that switching between inertial frames makes quantum information channels
noisy. The noise is fundamental and of relativistic origin, but for cryptographic purposes may be indistinguishable
from the presence of an eavesdropper [5]. In order to eliminate the noise one may encode information into eigenstates
of relativistic spin operators projected on principal null directions (PNDs) of SL(2,C) transformations [6]. The latter
possibility is not as appreciated by quantum information community as it deserves. The problem is that it is difficult
to imagine how to realize appropriate null-direction measurements in laboratory. One probably needs new insights,
more natural for those who imagine space-time in quantum terms than for quantum opticians thinking in terms of
polarizers and interferometers. So the second goal of the paper is to draw attention of the relativistic community to
the issue of PND qubits. Had I managed to stimulate some research in that direction, the paper would have served
its purpose.
I will start with the original teleportation algorithm. In Section III I will introduce Penrose’s abstract indices,
pointing out already at that stage certain analogies with quantum information. In Section IV I describe a space-time
analogue of the teleportation algorithm, and in Section V a similar 2-spinor algorithm which is more than just an
analogy of quantum teleportation. In Section VI I explain in what sense spin-frames can be regarded as qubits, what
is the role of null directions in simplification of the formalism, and why the true qubits have to be defined in yet
another way. The latter will be done in Section VII, where qubits will be represented by ω-spinors.
II. THE ORIGINAL TELEPORTATION ALGORITHM
Let us first recall the original teleportation algorithm [7]. One begins with three distinguishable systems, labeled
A1 (first subsystem in the lab of Alice), A2 (second subsystem in the lab of Alice), and B (the lab of Bob). The goal
is to create in the lab of Bob a state that is physically identical to some unknown state,
|φ,A1〉 = φ0|0, A1〉+ φ1|1, A1〉, (1)
located in the lab of Alice, but perform this only by means of measurements made in the lab of Alice, supplemented
by instructions sent by Alice to Bob after each measurement.
Formally what we want to do is to physically implement the map
|φ,A1〉 = φ0|0, A1〉+ φ1|1, A1〉
→ φ0|0, B〉+ φ1|1, B〉 = |φ,B〉 (2)
with unknown φ0, φ1. Let us note that in principle there is no problem. Just take the unitary operator
U = |0, B〉〈0, A1|+ |1, B〉〈1, A1|, (3)
(4)
and |φ,B〉 = U |φ,A1〉. Any quantum dynamics acting in a two-dimensional Hilbert space will do the job, the
differences between different Us boiling down to different choices of Bob’s bases.
What is special about the teleportation algorithm is that propagation of the state from Alice to Bob does not
involve unitary quantum evolution. We assume that Alice and Bob share the same 2-particle state
|Ψ−, A2B〉 = 1√
2
(
|0, A2〉|1, B〉 − |1, A2〉|0, B〉
)
(5)
so that the initial state is
|φ,A1〉|Ψ−, A2B〉. (6)
Now let us define the Bell basis of Alice
|Ψ±, A1A2〉 = 1√
2
(
|0, A1〉|1, A2〉 ± |1, A1〉|0, A2〉
)
, (7)
|Φ±, A1A2〉 = 1√
2
(
|0, A1〉|0, A2〉 ± |1, A1〉|1, A2〉
)
. (8)
and the four unitary operators
U1 = −|0, B〉〈0, B| − |1, B〉〈1, B|, (9)
U2 = −|0, B〉〈0, B|+ |1, B〉〈1, B|, (10)
U3 = |0, B〉〈1, B|+ |1, B〉〈0, B|, (11)
U4 = −|0, B〉〈1, B|+ |1, B〉〈0, B|, (12)
3acting locally in the lab of Bob. A simple calculation then shows that
|φ,A1〉|Ψ−, A2B〉 = 1
2
(
|Ψ−, A1A2〉U1|φ,B〉+ |Ψ+, A1A2〉U2|φ,B〉 + |Φ−, A1A2〉U3|φ,B〉+ |Φ+, A1A2〉U4|φ,B〉
)
(13)
Now we can formulate the teleportation algorithm. Alice performs in her lab measurements corresponding to projec-
tions on the elements of the Bell basis, and on the basis of her measurements sends to Bob one of the four instructions:
result : |Ψ−, A1A2〉 → instruction : do U−11 ,
result : |Ψ+, A1A2〉 → instruction : do U−12 ,
result : |Φ−, A1A2〉 → instruction : do U−13 ,
result : |Φ+, A1A2〉 → instruction : do U−14 ,
Bob receives each of the instructions with equal probability. The characteristic feature distinguishing this algorithm
from other quantum algorithms is that the result is always the same: No matter what instruction Bob receives, he
produces a particle whose state is |φ,B〉. Bob’s experimental setup may be regarded as a black box producing pure
states |φ,B〉 that have the same statistical properties as the states |φ,A1〉 possessed by Alice. Let us note that the
procedure works even if Bob does not know which state he produces.
In the next Section I will show that the structure of the teleportation algorithm is well known from Minkowski-space
geometry, but we first have to switch from “Alice” and “Bob” to abstract indices.
III. ABSTRACT INDICES
The indices (A1, A2, and B) we have used above played a role of labels, labeling Hilbert spaces of various parties
participating in the teleportation protocol. An analogous (but richer) labeling structure exists also in space-time
geometry: These are the abstract indices of Penrose (cf. Chapter 2 in [1]). Let us recall the basic idea of the
construction. Let S· denote the module of 2-spinor fields. A labelling system, L = {A,B, . . . , Z,A0, B0, . . . , A1, . . . },
labels canonically isomorphic copies of S· denoted by SA, SB, SA0 , etc. The indices from L do not take numerical
values — they are just labels. Light face italic indices are always abstract. However, one sometimes also needs
numerical indices, 0 and 1, but then we denote them by upright boldface fonts. Accordingly, the symbol φA denotes
a 2-spinor from the copy SA (“a spinor of Alice”), but φA may equal φ0 or φ1. φA is basis independent, but φA
implicitly depends on a basis. The dual of the module SA is denoted by SA, and consists of lower-index spinors
φA. Taking tensor products of a number of 2-spinor modules one arrives at a general module S
P...R
S...U of spinors. The
isomorphisms between spinors and their duals are denoted by εAB and εAB, and act as follows: φA = φ
BεBA = εBAφ
B ,
φA = εABφB . The order of indices is important since εBA = −εAB, εBA = −εAB. (Thinking in matrix terms, we
can say that to lower A we act from right, εAB : S
A → SB, and to raise it we act from left, εAB : SB → SA).
The isomorphisms between different copies of 2-spinors of the same type are denoted by εA
B, i.e. εA
BφB = φA,
φAεA
B = φB, εA
B : SB → SA, εAB : SA → SB. Accordingly, the formula φAεAB = φB can be read: “Shifting
Alice’s φ into the space of Bob”. The map εA
B is not yet exactly teleportation, but is very close to it, as we shall
see later. Abstract indices not only can be raised or lowered but also (anti)symmetrized and contracted. The basic
contraction is φAψ
A = −φAψA = φAψA = φ0ψ0+φ1ψ1 (the summation convention is applied throughout the paper)
where the components are taken in arbitrary basis, but the whole expression is basis independent. The rule for
raising and lowering numerical indices is φ0 = −φ1, φ1 = φ0. One needs the operation of complex conjugation,
φA = φ¯A
′ ∈ SA′ . The complex conjugated φ¯A′ is an entity of a new type, so that an additional set of primed indices
is needed, but φ¯A′ = φA ∈ SA. Isomorphisms that map between different copies of SA′ and SA′ are denoted by
εA
′B′ , εA′B′ , and εA′
B′ .
Of particular importance for the formalism are the spinors oA, ιA, oA
′
, ιA
′
, known as spin-frames, normalized by
oAι
A = oA′ι
A′ = 1. One can check that they are equivalent to the usual basic qubits and play a role of orthogonal
bases in SA and SA
′
, respectively. The important formula
εAB = oAιB − ιAoB (14)
is independent of the choice of spin-frames. Somewhat anticipating our further analysis let us stress here that Eq. (14)
shows that εAB is, up to normalization, the entangled state |Ψ−, AB〉 shared by Alice and Bob.
One of the central results of the abstract-index formalism is the identification of the module SAA
′
(tensor product
of primed and unprimed 2-spinor fields) with the one of world-vector fields Sa. The abstract index a labels world-
vector fields, i.e. xa ∈ Sa is a world-vector (“a position x in the Minkowski space of Alice’s configurations...”).
4The numerical values of the ordinary (non-abstract) upright boldface index a take values 0, 1, 2, and 3. Now,
since Sa = SAA
′
, we are allowed to write xa = xAA
′
, although xa = xAA
′
would be meaningless. Instead, we have
xa = gaAA′x
AA
′
, where gaAA′ denote the so-called Infeld-van der Waerden symbols. It is convenient for computations
that although xa 6= xAA′ , one nevertheless finds xaya = xAA′yAA′ for any xa and ya. The form of Infeld-van der
Waerden symbols varies from basis to basis, but if one takes the Minkowski tetrad ta, xa, ya, za, defined below,
one recognizes (up to normalization) in g0AA′ the 2 × 2 unit matrix, and gjAA′ , j = 1, 2, 3 become the three Pauli
matrices (cf. Section 3.1 in [1]). A Minkowski tetrad, by definition, consists of any four world-vectors satisfying
tat
a = 1, xax
a = yay
a = zaz
a = −1, with the remaining contractions vanishing. Now consider a spin-frame oA, ιA,
and oA
′
= oA, ιA
′
= ιA (following [1] we skip the bars over the primed basis; this does not mean the spin-frames are
real, this is just a simplified notation). One checks that the four world-vectors
ta =
1√
2
(oAoA
′
+ ιAιA
′
), (15)
xa =
1√
2
(oAιA
′
+ ιAoA
′
), (16)
ya =
i√
2
(oAιA
′ − ιAoA′), (17)
za =
1√
2
(oAoA
′ − ιAιA′), (18)
define a Minkowski tetrad. Again, anticipating further results, let us note the formal similarity between the above
tetrad and the two-qubit Bell basis. (Note that ya is not proportional to εAB since the former involves both primed
and unprimed indices.) The metric tensor and the fundamental isomorphism of different copies, i.e. the maps
gab : Sb → Sa, gab : Sa → Sb, gab : Sa → Sb, gab : Sb → Sa, satisfy
gab = tatb − xaxb − yayb − zazb (19)
= εABεA
′B′ (20)
= (oAιB − ιAoB)(oA′ιB′ − ιA′oB′) (21)
(lowering appropriate indices we obtain ga
b and gab). Eq. (19) is the Minkowski-space resolution of unity. The form
(21) can be used to represent gab in terms of the null tetrad, i.e. to resolve unity in a null basis,
la = oAoA
′
, (22)
ma = oAιA
′
, (23)
m¯a = ιAoA
′
, (24)
na = ιAιA
′
, (25)
similar in form to the 2-qubit product basis. The metric tensor now reads
gab = nalb + lanb − m¯amb −mam¯b. (26)
All antisymmetric φAB are proportional to εAB. This property, combined with (20), implies that for any world-vector
fa one finds fafbε
A′B′ = fAA′fB
A′ = 1
2
fcf
cεAB.
IV. SPACE-TIME ANALOGUE OF THE TELEPORTATION ALGORITHM
So far this has all been the standard textbook material, but let us take a closer look at the following simple
calculation
φAεA
′B′fafb =
1
2
fcf
cφAεAB =
1
2
fcf
cφB. (27)
I claim that this is basically a step of the teleportation algorithm.
We begin with the observation that the part φAεA
′B′ describes an initial uncorrelated state of a general qubit φA
(i.e. |φ,A〉) of Alice and of the Bell-basis state εA′B′ (i.e. |Ψ−, A′B′〉), where the first bit belongs to Alice, and the
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φAεA
′B′ta =
1√
2
(φ0ιB
′ − φ1oB′), (28)
φAεA
′B′xa =
1√
2
(φ0oB
′ − φ1ιB′), (29)
φAεA
′B′ya = − i√
2
(φ0oB
′
+ φ1ιB
′
), (30)
φAεA
′B′za = − 1√
2
(φ0ιB
′
+ φ1oB
′
). (31)
The above four spinors are analogous to the states Bob has in his system just after being informed by Alice about her
results, but before following her instructions. Only in the case she projected on the analogue of the state |Ψ−, AA′〉
(that is, ya) the state of Bob’s qubit does not require any action. In the remaining cases Bob has to reshuffle the
components φ0 and φ1, and correct the signs. The actions analogous to U−1j are
1√
2
(φ0ιB
′ − φ1oB′)tBB′ = 1
2
(φ0oB + φ1ιB), (32)
1√
2
(φ0oB
′ − φ1ιB′)xBB′ = −1
2
(φ0oB + φ1ιB), (33)
− i√
2
(φ0oB
′
+ φ1ιB
′
)yBB′ = −1
2
(φ0oB + φ1ιB), (34)
− 1√
2
(φ0ιB
′
+ φ1oB
′
)zBB′ = −1
2
(φ0oB + φ1ιB) (35)
The right-hand sides of (32)–(35) exhibit the characteristic feature of teleportation algorithms: They are all propor-
tional to the same vector φB . All these operations occur, via (19), in
φAεA
′B′ga
B
B′ = 2φ
B. (36)
It remains to understand the meaning of the contractions in (32)–(35). We have
tBB′o
B′ = − 1√
2
ιB, tBB′ι
B′ =
1√
2
oB, (37)
xBB′o
B′ = − 1√
2
oB , xBB′ι
B′ =
1√
2
ιB, (38)
yBB′o
B′ = − i√
2
oB , yBB′ι
B′ = − i√
2
ιB, (39)
zBB′o
B′ =
1√
2
ιB , zBB′ι
B′ =
1√
2
oB. (40)
But these are, of course, the transformations Bob employs in the teleportation algorithm. The only difference is
that the names given to the instructions and certain multipliers are different from what we are accustomed to in
quantum mechanics. But the multipliers have to be different since ya is equivalent to i|Ψ−, AA′〉 and, similarly to the
link between Infeld-van der Waerden symbols and the Pauli matrices, where the former differ from the latter by the
presence of 1/
√
2 (cf. Eq. (3.1.49) in [1]), we find an appropriate 1/
√
2 normalization factor. Summing up, each of
the four terms occurring in (19) corresponds to one of the four actions required by the teleportation algorithm.
V. TWO-SPINOR FORM OF THE STANDARD TELEPORTATION ALGORITHM
The algorithm described in the previous section required both primed and unprimed spinors, a property absent in
the original algorithm. So, in this section we show what has to be modified if Alice and Bob deal with spinors of the
6same type. Let us define
tA1A2 =
1√
2
(oA1oA2 + ιA1ιA2), (41)
xA1A2 =
1√
2
(oA1ιA2 + ιA1oA2), (42)
yA1A2 =
i√
2
(oA1ιA2 − ιA1oA2), (43)
zA1A2 =
1√
2
(oA1oA2 − ιA1ιA2). (44)
Now this is the standard Bell basis for “Alice1” and “Alice2” [up to i in (43)]. Still, one can verify that t
A1A2tA1A2 = 1,
xA1A2xA1A2 = y
A1A2yA1A2 = z
A1A2zA1A2 = −1, The “metric tensor”
gA1A2B1B2 = tA1A2tB1B2 (45)
− xA1A2xB1B2 − yA1A2yB1B2 − zA1A2zB1B2
= εA1B1εA2B2 (46)
= (oA1ιB1 − ιA1oB1)(oA2ιB2 − ιA2oB2) (47)
decomposes an arbitrary 2-bit spinor φAB into its Bell-basis components
φA1A2 = φB1B2gB1B2
A1A2 (48)
= φB1B2tB1B2t
A1A2 − φB1B2xB1B2xA1A2 − φB1B2yB1B2yA1A2 − φB1B2zB1B2zA1A2 . (49)
Indeed, the contractions φB1B2tB1B2 , φ
B1B2xB1B2 , φ
B1B2yB1B2 , φ
B1B2zB1B2 are equivalent (up to phase factors) to
the scalar products of a general 2-qubit state with, respectively, |Φ+, AaA2〉, |Ψ+, AaA2〉, |Ψ−, AaA2〉, and |Φ−, AaA2〉.
The formulas are plagued by repeating pairs of similar indices, but we will not risk getting into conflict with the
standard spinor formulas if we allow to clump pairs of indices according to a′ = A1A2, and perform calculations by
means of the usual 2-spinor tricks (primed world-vector indices are not used in the standard formalism, so there is no
risk of confusion). Assuming this, we can write (45) in the form (19) but with the primed indices a′, b′.
Now, consider the following analogue of (27)
φA1εA2B1fa′fb′ =
1
2
fC1C2f
C2C1φB2 . (50)
[valid if fC1C2 = ±fC2C1 which is the case for (41)–(44)]. I will show that (50) is precisely the essential step of the
teleportation protocol. The whole teleportation protocol consists of four such steps, all of them occurring in
ga′b′ = ta′tb′ − xa′xb′ − ya′yb′ − za′zb′ . (51)
The concise formula expressing the entire protocol is
φA1εA2B1gA1A2B1
B2 = φB2 . (52)
As before, the part φA1εA2B1 describes the initial uncorrelated state of a general qubit φA1 of Alice and of the
entangled state εA2B1 , where the first bit belongs to Alice, and the second one to Bob. Let us follow the algorithm in
detail. Alice makes measurements and when Bob receives her instructions the state he deals with is one of these:
φA1εA2B1ta′ =
1√
2
(φ0ιB1 − φ1oB1), (53)
φA1εA2B1xa′ =
1√
2
(φ0oB1 − φ1ιB1), (54)
φA1εA2B1ya′ = − i√
2
(φ0oB1 + φ1ιB1), (55)
φA1εA2B1za′ = − 1√
2
(φ0ιB1 + φ1oB1). (56)
7Now Bob behaves according to the instructions:
1√
2
(φ0ιB1 − φ1oB1)tB1B2 =
1
2
(φ0oB2 + φ1ιB2 ), (57)
1√
2
(φ0oB1 − φ1ιB1)xB1B2 = −
1
2
(φ0oB2 + φ1ιB2), (58)
− i√
2
(φ0oB1 + φ1ιB1)yB1
B2 =
1
2
(φ0oB2 + φ1ιB2 ), (59)
− 1√
2
(φ0ιB1 + φ1oB1)zB1
B2 = −1
2
(φ0oB2 + φ1ιB2). (60)
We again observe the characteristic feature of teleportation algorithms: The right-hand sides of (57)–(60) are propor-
tional to the same vector φB2 . Following (51), that is subtracting from (57) the sum of (58)–(60), we get φB2 .
VI. YES-NO OBSERVABLES ASSOCIATED WITH SPIN-FRAMES
It is somewhat disappointing that the null representation (26) will not lead to an algorithmic interpretation of
the four terms occurring in gab. The formula (36) is, of course, still true, but is not possible to interpret its four
parts in terms of a “make-measurement-and-send-instruction” algorithm. The projections on the null vectors are
mathematically equivalent to measurements in the product basis and, repeating the null-tetrad analogues of the steps
(53)–(60), it is easy to understand why entanglement is necessary for teleportation. On the other hand, it is also
clear here that the Minkowski tetrad can be replaced by any four non-null vectors. The latter observation may be,
perhaps, of some use for designing alternative teleportation protocols.
In spite of this negative conclusion I will show that null directions are crucial for the link between qubits and
spin-frames.
Let ∗JabXY and ∗JabX′Y
′
denote dualized generators of, respectively, (1/2, 0) and (0, 1/2) representations of SL(2,C).
The Pauli-Lubanski vector corresponding to the two representations is W aX
Y = Pb
∗JabXY , W aX′Y
′
= Pb
∗JabX′Y
′
.
If V a is a world-vector then the projections WX
Y = VaW
a
X
Y , WX′
Y ′ = VaW
a
X′
Y ′ , are “yes–no” observables whose
eigenvectors can play a role of relativistic qubits. The typical choice of timelike V a leads to the helicity formalism. I
will now show that certain null V a lead to qubits with interesting properties.
If we work in momentum representation then the generator of translations P a can be identified with pa, pap
a = m2,
a future-pointing energy-momentum world-vector. Its decomposition into null components is usually performed in a
manner analogous to ta, that is,
pa =
m√
2
(
oA(p)oA
′
(p) + ιA(p)ιA
′
(p)
)
, (61)
where oA(p)ι
A(p) = 1. Decompositions into null vectors are non-unique, even the number of null directions associated
with a given pa is arbitrary. (The latter freedom is used in the twistor approach to internal symmetries [8] but, in
fact, is much more fundamental and allows to introduce SU(N) without any reference to twistors.) In the context
of relativistic qubits two null directions are enough, but the problem with (61) is the null limit m → 0, essential for
optical applications. From this perspective it is useful to work with spin frames ωA(p)pi
A(p) = 1, satisfying
pa = piA(p)p¯iA
′
(p) + (m2/2)ωA(p)ω¯A
′
(p). (62)
In order to see that the spin frames exist let us take an arbitrary p-independent 2-spinor νA. Then
ωA(p) =
νA√
pBB′νB ν¯B′
= ωA(ν, p), (63)
piA(p) =
pAA
′
ν¯A′√
pBB′νB ν¯B′
= piA(ν, p) (64)
satisfy (62). If m 6= 0, then (63), (64), exist for all p; if m = 0 then there exist pa parallel to νa = νAν¯A′ and (63),
(64), have to be defined locally. Treating these spin frames as spinor fields, one finds that
ΛpiA(ν, p) = ΛA
BpiB(ν,Λ
−1p) = piA(Λν, p), (65)
ΛωA(ν, p) = ΛA
BωB(ν,Λ
−1p) = ωA(Λν, p), (66)
8meaning that the transformed fields ΛpiA(ν, p), ΛωA(ν, p) also satisfy (62).
Taking V a = ωA(p)ω¯A
′
(p) we find
WX
Y (p) =
1
2
(
piX(p)ω
Y (p) + ωX(p)pi
Y (p)
)
, (67)
WX′
Y ′(p) = −1
2
(
p¯iX′(p)ω¯
Y ′(p) + ω¯X′(p)p¯i
Y ′(p)
)
. (68)
The spin-frame simultaneously solves the eigenvalue problem
WX
Y (p)ωY (p) =
1
2
ωX(p), (69)
WX′
Y ′(p)p¯iY ′(p) =
1
2
p¯iX′(p), (70)
WX
Y (p)piY (p) = −1
2
piX(p), (71)
WX′
Y ′(p)ω¯Y ′(p) = −1
2
ω¯X′(p), (72)
which explains why in our discussion of teleportation the identification of spin-frames with qubits was more than just
an analogy. The simplicity of (67)–(72) would be lost if one took a non-null V a, unless m = 0 where all choices of V a
are equivalent (because then W a and P a are parallel, and different components of W a commute).
One should bear in mind that the above spin-frames cannot be regarded as qubits in the standard quantum-
mechanical meaning of this word. Qubits belong to carrier spaces of unitary representations, whereas the spin-frames
carry non unitary representations of SL(2,C). In the next section we shall show how to associate with ωX(p), piX(p),
the true qubits, i.e. spinor fields transforming unitarily. We will deal with a new type of indices, but the whole 2-spinor
teleportation framework will remain valid. The construction of the representation will be performed in the 2-spinor for-
malism. Instead of inducing from little groups I will use here the duality between active finite-dimensional non-unitary
SL(2,C) transformations of spin-frames, and passive unitary infinite-dimensional transformations of Bargmann-Wigner
amplitudes [2].
VII. TRUE RELATIVISTIC QUBITS
Let dp˜ = d3p/[(2pi)32p0], px = pax
a, and consider a positive-energy solution of the Dirac equation, expressed in the
basis of eigenvectors of the Pauli-Lubanski vector(
WX
Y (p) 0
0 WX′
Y ′(p)
)
(73)
of the (1/2, 0)⊕ (0, 1/2) representation, i.e.(
φA(x)
φA′(x)
)
=
∫
dp˜
[( −piA(p)
− m√
2
ω¯A′(p)
)
φ0 (p) +
(
m√
2
ωA(p)
−p¯iA′(p)
)
φ1 (p)
]
e−ipx (74)
The amplitudes φ0 (p), φ1 (p) involve italic numerical indices to distinguish them from the ordinary SL(2,C) 2-spinors.
Since dp˜ is Poincare´ invariant, we find(
ΛA
BφB(Λ
−1x)
ΛA′
B′φB′(Λ
−1x)
)
=
∫
dp˜
[( −ΛpiA(p)
− m√
2
ΛωA′(p)
)
φ0 (Λ
−1p) +
( m√
2
ΛωA(p)
−ΛpiA′(p)
)
φ1 (Λ
−1p)
]
e−ipx (75)
=
∫
dp˜
[( −piA(p)
− m√
2
ω¯A′(p)
)
Λφ0 (p) +
(
m√
2
ωA(p)
−p¯iA′(p)
)
Λφ1 (p)
]
e−ipx,
where
ΛωA(p) = ΛA
BωB(Λ
−1p), (76)
ΛpiA(p) = ΛA
BpiB(Λ
−1p), (77)
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′
pb. (76) defines implicitly the new amplitudes Λφ
0 (p), Λφ1 (p). We immediately
find that (
Λφ0 (p)
Λφ1 (p)
)
=
(
ωA(p)Λpi
A(p) − m√
2
ωA(p)Λω
A(p)
m√
2
ω¯A′(p)Λω
A′(p) ω¯A′(p)Λpi
A′(p)
)(
φ0 (Λ
−1p)
φ1 (Λ
−1p)
)
. (78)
The matrix in (78) belongs to SU(2) and will be denoted by Λ(p)A
B (italic boldface indices; the corresponding abstract
indices will be denoted by A, B, i.e. by the calligraphic font). Writing Eq. (78) as
ΛφA(p) = Λ(p)ABφB(Λ−1p) (79)
we obtain a compact and manifestly covariant form of the unitary representation of the (covering of) the Poincare´
group whose spin is 1/2 and mass is m. (Four-translations by y reduce to the usual multiplication by eipy — we skip
this point). Spinor-fields φA(p) are sometimes termed the ω-spinors or Bargmann-Wigner 2-spinors, and Λ(p)AB is
the Wigner rotation. If m = 0 the matrix is diagonal and the diagonal elements, Λ(p)0
0 , Λ(p)1
1 , are phase factors,
a consequence of the fact that both ΛpiA(p) and piA(p) have the same flagpole
pa = piA(p)p¯iA′(p) = ΛpiA(p)ΛpiA′(p). (80)
Computing generators of (79) we can find the projection of the corresponding Pauli-Lubanski vector on V a =
ωA(p)ω¯A
′
(p). The result is simply
WA
B (p) = −1
2
(
1 0
0 −1
)
(81)
The fact that Λ(p)AB is p-dependent has consequences for quantum information processing. For example, in optics
states of linear polarization are linear combinations of “timelike” circular polarizations (i.e. eigenstates of the helicity
operators, W 0A
B(p), etc.). Since different momentum components are multiplied by different, momentum dependent
Wigner phase factors, each Fourier component of a linearly polarized light gets rotated by a different Wigner angle.
As a result, SL(2,C) transformations map linear polarization states into depolarized states, and thus introduce into
relativistic communication systems a kind of noise, whose origin is purely relativistic. Entropy computed on the basis
of a “spin” reduced density matrix (obtained by tracing out momenta from the full momentum-dependent density
matrix of the qubit) provides a quantitative measure of the effect. This observation started an ongoing discussion on
the meaning of relativistic effects for quantum information processing.
However, if one works with null circular polarizations, that is the eigenstates of the Pauli-Lubanski vector projected
on ωA(p)ω¯A
′
(p), the situation changes. In order to understand it, let us return to ωA(ν, p), which is parallel to an
arbitrarily chosen and momentum independent 2-spinor νA. It is clear that eigenvectors of the projection of the
Pauli-Lubanski vector will not change if one replaces ωA(p)ω¯A
′
(p) by νAν¯A
′
. This remark is important sice projecting
on p-dependent directions is even less clear than projecting on directions that are null.
Choosing νA satisfying ΛA
BνB = λ νA we find
ωA(p)Λpi
A(p) = λ¯/|λ| = e−iφ (82)
and
ΛA
B (p) =
(
e−iφ 0
0 eiφ
)
(83)
where φ does not depend on p. Let us stress thatm = 0 was not assumed. So replacing the helicity by an appropriately
adjusted null circular polarization removes the depolarization effect: All wavelengths undergo rotation of polarization
by the same angle φ. The entropy of an appropriate “spin” reduced density matrix will be independent of Λ. In effect,
the procedure of adjusting qubits to Lorentz transformation plays a role of relativistic error correction.
VIII. SUMMARY
Tensor products of 2-spinors have geometric meaning. Tensor products of qubits are interpretable in terms of
information. Labels employed in quantum information (Alice, Bob, Eve...) have the same status as the Penrose
abstract indices. The antisymmetric two-index spinor εAB is the same object as the maximally entangled Einstein-
Podolsky-Rosen state shared by Alice and Bob. It plays a fundamental role for both space-time considerations
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and quantum information processing, but its standard applications in the two domains are completely different and
apparently unrelated. Pursuing further this analogy, if we take the tensor product εABεA
′B′ we obtain Alice connected
by a quantum channel with Bob, and similarly Alice’ connected with Bob’, but the two groups working independently
of each another. However, geometrically these four parties define a Lorentzian metric in some abstract space-time.
Decomposing this metric into Minkowski tetrads we obtain four geometric objects that formally represent the four
steps of the teleportation protocol. The Minkowski tetrads themselves have a form of the Bell basis, another concept
crucial for quantum communication and information processing.
These facts may be just curiosities, but equally well could be a departure point for some new type of studies on
the borderland between classical space-time and quantum physics. One problem that already awaits solution is to
physically implement qubits associated with projections of spin on null directions. Qubits associated with PNDs
of SL(2,C) transformations might play a fundamental role in noise reduction if Alice and Bob operate in different
reference frames. These objects are completely counterintuitive for quantum opticians accustomed to polarizers and
interferometers. To implement the new qubits in practice one needs new ideas — partly geometric and partly quantum.
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